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Abstract—An exact analytical solution for the potential flow produced by a spherical cavity growing in
contact with, or close to, a solid plane is described. The flow field parameters are given in a non-
dimensionalised form and their characteristics are examined. The theory is applied to the case of an idealised
nucleate boiling bubble. Expressions are obtained for bubble departure, pressure distribution around the
bubble surface and, on the solid plane, the effect of bubble translation along the solid plane on flow parameters
and the total kinetic energy imparted to the liquid. The concept of an ‘area of influence’ in nucleate boiling is
reviewed. It is shown that neither this area nor the hydrodynamic effect inside it due to bubble motion, remain
constant during bubble growth. Where possible, the results are compared with experimental data.

INTRODUCTION

THE STUDY of a growing or collapsing spherical-cavity
in the vicinity of a plane solid surface is relevant to
nucleate boiling, cavitation, gas dissolution in liquids
and various other physical phenomena. A more
comprehensive literature survey and detailed analysis
of this problem are given in ref. [1]. Here, a brief
account will be given.

Kotake [2], considers the case of a bubble in the
shape of a truncated sphere growing on a solid plane
surface. As pointed out in [3], the given solution does
not satisfy the prescribed boundary conditions and
does not predict the spherically symmetric result when
the geometry is reduced to that of a hemisphere. This
problem has since been reviewed by Abdelghaffar [1]
and a solution satisfying the prescribed boundary
conditions and predicting the spherically symmetrical
case is obtained. Witze et al. [3], use a tangent-sphere
coordinate system to solve Laplace’s equation for the
case of a growing sphere in contact with a solid plane.
The exact solution is given in integral form. However,
the integral does not seem to lend itself to analytic
solutions. They propose an approximate solution
whichintroduces some errorsin calculating the velocity
components. The error is greatest for the tangential
velocity component. Judd [4], in a study aimed at
evaluating inertia effects, obtains an expression for the
velocity potential describing the field due to the motion
of a spherical bubble moving perpendicular to a solid
plane. The solution fails when the bubble s very close to
the solid plane. Best et al. [5], model a bubble on its
upward journey, perpendicular to a solid plane, by a
doublet and a spatial source and their images in the
plane. A correction term is added to allow for the shear
forces at the solid surface; the method fails when the
bubble is close to or in contact with the solid plane. The
solution given by Barakat [ 5], for the case of a bubblein
contact with a solid plane is not valid as pointed out in

ref. [1]. Barakat also gives a solution, based on the
method of multiple reflections, describing the motion of
a spherical bubble of a constant size. Obviously this
solution cannot be used for a growing or a collapsing
bubble. Nigmatulin [7] uses the method of binary
correlation functions, previously used [17] to
determine the rate of settling of homogeneous
suspensions, to calculate the average flow about a
bubble (assuming that all bubbles have the same size). A
solution, at low volumetric concentration of bubbles,
for the case of two-phase flow in pipes is presented. The
case of two bubbles, of the same size and rate of growth
on a solid plane is treated in ref. [1].

2. BASIC ASSUMPTIONS AND PROBLEM
FORMULATION

It is assumed that the fluid is inviscid and
incompressible and that the flow is irrotational. At
points far removed from the spherical cavity, the fluid is
assumed to be at rest. The assumption that a bubble
remains spherical in shape throughout its motion is
reasonable for bubbles of relatively small size, under
conditions of reduced gravitational force or where the
surface tension is high enough. According toref. (8], the
bubble remains nearly spherical when the E&tvos
number, EQ, defined by

ED - 2gR*(py—py) M
g
is close to, or less than, unity.

The solid plane representing the heating surface in a
boiling regime is assumed to be very large compared to
the size of bubble. Although a boundary-layer
correction is applied to the case of a bubble translating
in a direction normal to the solid plane, it will be
assumed here that the solid plane does not support any
tangential shearing forces.
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(r,y,Z) cylindrical coordinates with respect to
fixed frame of reference

(ro,Wo.Zy) cylindrical coordinates with origin
at centre of sphere or bubble

(p,6,¥) spherical coordinates with respect to
a fixed frame of reference

(po, B0, o) spherical coordinates referred to
centre of bubble or sphere

A,  fraction of heat transfer area due to
boiling, equation (5)

a a constant
b a constant of a nucleate boiling regime,
equation (A18)

C a constant depending on the fluid being
boiled, equation (A20)

C, a force factor, equations (A46) and (A74)

C, specific heat of the fluid

EO  Eotvos number, equation (1)

e, e, unit vectors in the direction of r and z
respectively

E. total kinetic energy of the liquid,
equation (A52)

kinetic energy of a particle having the

same mass as that of the fluid displaced

by the bubble and moving with a

velocity equal to the bubble’s growth

rate

E*  normalized value of E,, equation (A54)

force acting on the bubble surface due to

the pressure distribution over the
surface, equation (A42)

F, force acting on the bubble surface due to
the pressure distribution over the
surface, equation {A45)

Jo pressure factor, equation (A45)

g acceleration due to gravity

H height of sphere or bubble centre above
solid plane

H* H/R

hy,  latent heat of vapourization

J, Jacob’s number, equation (5)

K; ratio of influence area to projected area

of bubble at departure equation (5)

ep

NOMENCLATURE

m constant, equation {A69)
M, mass of equivalent particle
n growth index, equation (A17)

static pressure of liquid
Pe static pressure at infinity (points far

away from bubble)

Ap  p—Ps

q fluid velocity vector

4.4,,9, components of q in the direction of
suffix

4,4, components of q in the direction of
suffix

R radius of sphere or bubble

R dR/d¢

R dR/dt

s surface area

t time

ty bubble departure time

T absolute temperature of the fluid

T absolute superheat temperature of the
fluid at the system pressure

Vv velocity vector describing the motion of

centre of sphere or bubble

components of V in the direction of the

suffix

v, terminal velocity of bubble.

Greek symbols
o thermal diffusivity of fluid
0 hydrodynamic boundary-layer thickness
A z/d
vy kinematic viscosity of the fluid

PP, liquid and gas densities respectively
€ (pL—pg)/PL
0] scalar potential function.
o surface tension
Superscripts
* normalized quantities
d/de.
Subscripts
o,c  centre of sphere or bubble

d departure.

The continuity equation for an incompressible fluid
takes the form

V.q=0 @)

where q is the velocity vector describing the fluid
motion outside the bubble.

Since the flow is irrotational, the flow field can be
described in terms of a scalar potential function, ®,
given by

q= —Vo. 3)

Thus, whether the flow is steady or not, equations (2)

and (3) give
V20 = 0. @)

The solution of equation (4), subject to the appropriate
boundary conditions, is given in ref. [1]. In the
Appendix, the equations describing the flow field due to
a non-spiralling motion of a spherical bubble, assumed
to be the same as that of a spherical cavity, are given.
The two important cases of a bubble moving
perpendicular to the solid plane and that of a bubble
growing on the plane (with or without translation) are
treated in some detail.
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Fi1G. 1. Non-spiralling motion of bubble (sece Appendix).
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F1G. 3. Variation of potential function with position (H* = ¢ = 1).

3. DISCUSSION

Figures 3-7 show some of the flow field
characteristicsfor a spherical bubble growing on a solid
plane without translation. Some of the properties of the
flow field due to a spherical bubble translating on a
solid plane are shown in Figs. 8—11. Figure 12 shows the
variation of AP/p, at a nucleation site for different
values of the bubble height H while Fig. 13 shows the
variation of AP/p, on the solid plane for the same

bubble 2 ms after its departure. The bubble, the field
characteristics of which are depicted in Figs. 12 and 13,
is assumed to be moving in water at 100°C, with n = 0.5
and b = 0.0081. The height of the bubble centre and its
velocity have been calculated using equations (A20)
and (A21) respectively while the fluid velocities used in
equation (A35) have been calculated using equation
(A23). Figures 14 and 15 show a comparison between
theoretical results for the horizontal velocity com-

TrerrrYTTTreCTTeY

aaalaetadagial

Freesressggerenpre g g e

8 degrees

FIG. 4. Variation of normal velocity with position (H* = ¢ = 1).
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F1G. 5. Variation of tangential velocity with position (H* = ¢ = 1).

ponent, calculated using equation (A23), and experi-
mental values for two barbotage bubbles given in refs.
[11] and [1]. (Barbotage is the bubbling of gas in
liquids.)

Figure 3 shows the variation of the potential
function, @*, with (p*, ). It can be seen that @* varies
considerably over the bubble surface (p* = 1). As p*
increases the variation of ®* with 8 becomes less
pronounced and reaches an almost constant value for
p* = 2.5. On the bubble surface, ®* shows a minimum
at Onearly 137°. At this point g¥ = 0,as can also be seen
in Fig. 5. Near the solid plane, the slope for ®* increases
rather steeply which results in g¥ < 0 (see Fig. 5). This
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causes fluid from regions close to the bubble base to be
pushed towards the bubble equator. However, this
effect is restricted to the region 137° < 6 < 176° as
illustrated in Fig. 5. On the bubble surface Fig. 5 shows
that gy is positive in the region 176° < 8 < 180°
indicating that the fluid is being pushed in towards the
bubble base. In practice this behaviour will be reduced
dueto the shearing forces at the solid wall. In the region
0° < 6 < 137.5°, the fluid on the bubble surface moves
from the top towards the bottom of the bubble. This can
have a pronounced effect on the rate of bubble growth.
As soon as the top part of the bubble penetrates the
layer of superheated liquid, adjacent to the heated
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F1G. 6. Pressure factor vs § on bubble’s surface. Bubble in contact with surface (¢ = 1).
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F1G. 7. Thrust coefficient C; vs growth index n' (H* = ¢ = 1).

surface to which it is attached, cooler liquid is pushed
towards the bubble base. This hydrodynamic action
may lead to the retardation of bubble growth rates or
bubble implosion. Although at a distance ap-
proximately 2.5 times the bubble radius the normalized
velocity components tend to a relatively small fraction
of their values in the immediate vicinity of the bubble,
these velocities depend on the bubble growth rate and
may still have an important effect on the heat transfer
mechanism. Thus during the early stages of bubble
growth, when R is small and R is large, one is speaking
about a large effect spread over a relatively small area.
On the other hand, just before departure R is relatively
large and R is small, so one is concerned with a small

effect spread over a relatively wider area. In nucleate
boiling an influence area is defined as that region within
which the bubble activity affects the heat transfer
mechanism and outside which natural convection
prevails. The heat transfer area is divided into a boiling
fraction A,, and a natural convection fraction (1 — A,).
The expression for the boiling fraction, A,, is given by :

Ay = nmR)K; )

where n, is the nucleation site density, R, is the
departure radius and K; is the ratio of influence to
projected area of bubble at departure. Thus the value of
K; depends on R and is time dependent. Averaged
values of K, have been given by several authors, refs.
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FIG. 8. Horizontal velocity for sliding bubble. m = 5.0, ¢ = p¥ = 1.0. Values of i, given in legend.
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FiG. 9. Angular velocity for sliding bubble. m = 5.0, p¥ = ¢ = 1.0. Values of ¥, given in legend.

[12] and [13], and ranges from 1.5 to 2.24 times the
bubble radius. It is not the intention here to discuss
these in any detail. However, the concept of an area of
influence as defined above does not provide
information about the fluid movement inside that area
which varies directly with dR/d¢. Thus although for
large bubbles A, is large, the effect due to bubble
activity may be quite small for very low values of dR/dt.

It is also worth noting that although g# tends to zero
for values of @ < n/3 and p* = 2.5, yet it is negative for
values of 8 > =/3. This means that the fluid is being
pushed away from the wall at a rate which may affect the
convective heat transfer mechanism and growth of
other bubbles over distances considerably larger thanis
generally believed and by magnitudes much larger than
would be the case for a slower growing bubble.

It must be remembered that for an imploding
(collapsing) bubble the value of R is negative. This
phenomenon usually occurs in subcooled regimes. For
this case, the effect will be opposite to that described for
a growing bubble in as far as signs of quantities are
concerned. In this case the fluid close to the bubble
location moves away from the wall while that some
distance away from the bubble moves towards the wall
thus forming a ‘convective cell’. The reversal of the
liguid motion, both on the bubble surface and in its
vicinity, plays a crucial part in the mechanism of
nucleate boiling as it affects heat transfer from the
superheated thermal boundary layer adjacent to the
wall and the bubble on one hand, and the thermal
boundary layer and the liquid bulk on the other hand.

The pressure factor, f,, on the bubble surface has

s
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F1G. 10. Pressure factor for sliding bubble. m = 5.0, n" = 1, p§ = & = 1. Values of y, given in legend.
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F1G. 11. Thrust coefficient for sliding bubble. ¢ = 1.0.

been calculated for different values of the growth index
n’ and the result is shown in Fig, 6. From this figure it can
be seen that f, is very sensitive to variations in the
growth index »’. In all cases of n’ considered, the
maximum value of f,,and hence Ap, occur at the bubble
top.Forn’ = 1/4the value of f, remains almost uniform
while the degree of variation from top to bottom
becomes more pronounced as n’ increases.

Figure 7 shows the variation of the thrust coefficient,

Cq, with the growth index »'. From this it can be seen
that for a value of n' less that about 0.23, C; is positive
and hence the pressure distribution tends to produce a
repulsive force, rather than a restraining one.
Examination of Fig. 6 reveals that Apis negative for this
range of n'. This implies that such bubbles will be
collapsing (negative values for R). Thus under
conditions of strong subcooling leading to bubble
collapse shortly after their initial growth to some size, it
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F1G. 12. Variation of Ap vs H* at nucleation site. Initial velocity equal to rate of growth at departure.
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F1G. 13. Variation of Ap on the solid plane for various values of r*.

will still be possible for a bubble to depart from the
surface under reduced or non-buoyant gravity forces.

For positive rates encountered in saturated boiling
regimes (0.25 < n’ < 0.75), there is a high restraining
force, F,, associated with the higher values of n'. This
suggests that higher values of n’ tend to promote the
transformation of the boiling regime from nucleate to
film boiling by enhancing the chance of coalescence due
to prolonged departures. For a bubble growing in an
infinite fluid, equation (A49) indicates that f, and hence
Ap will be negative if n’ < 0.4. In the presence of a solid
plane, an increasing portion of the lower part of the
bubble becomes subjected to a negative value of Apasn’
falls below 0.5. This however does not become
completely negative until n’ becomes about 0.33. Thus

the solid plane delays complete bubble collapse, i.e. it is
possible for bubbles to continue to grow at a relatively
reduced pressure difference Ap. The reduction
compared to the infinite case is about 7.5%,.

Figure 6 shows that for the case n’' = 0.75, the
pressure difference at the bubble top is nearly 14 times
that for a bubble growing in an infinite liquid while for
n’ = 0.5 this value is four times. Thus the pressure
distribution for a bubble with a large growth rate tends
to flatten the top of the bubble. However the spherical
shape assumed for the bubble may depart considerably
from the real bubble shape and the results must be taken
as indicative of the trend rather than accurate results.

For values of n’ just under 0.5, the pressure difference
is negative near the bubble base and remains positive
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FiG. 14. Horizontal component of velocity vs time. r = 0.55 mm, z = 0.46 mm, t; = 26 ms.
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near the top of the bubble. Thus the lower part tends to
be ‘pushed in’ or squeezed. This might be responsible
for the often-reported ‘mushroom shaped’ bubbles. It
will also enhance the bubble ‘necking’ process
occurring near bubble departure time.

Figure 12 shows the variation of pressure at the
nucleation site of a spherical bubble as a function of
bubble height, H*, while Fig. 13 shows the variation of
pressure on the solid plane produced by the same
bubble 2 ms after its departure. From these figuresit can
be seen that the nucleation site is subjected initially to a
negative pressure difference. As H* increases this
becomeszero(H* = 1.67for V¥ = 1)and fromthere on
increases to a maximum positive value followed by a
rapid decrease to zero again. The maximum values of
the pressure excess occur at H* = 1.95 for V*

The initial pressure deficit will lead to an increase of
pressure drop across the liquid interface encompassing
the nucleation site, thereby enhancing bubble
formation. On the other hand, the subsequent pressure
excess tends to retard bubble formation at the
nucleation site. This suggests that a second bubble will
either form at the site during the period of pressure
deficit or after the pressure becomes zero again
following the maximum positive pressure drop. Judd et
al.[12], report that bubble emission at a nucleation site
is capable of either initiating or terminating bubble
emission at a neighbouring site and they provide
photographic evidence in support of this. Figure 13
shows the variation of Ap/p, with r* on the solid
surface. It can be seen from this that an initial pressure
deficit extends to about three times the bubble radius.

However, the effective region seems to lie in the region
of 0 to 1.5 times the bubble radius. Thus the bubble
departure and subsequent acceleration promotes
bubble formation during the initial pressure deficitina
region which extends to nearly 1.5 times the bubble
radius. This makes it easier for another bubble to grow
on a site within this region (as the pressure drop
required for the bubble growth is lowered due to the
drop in the pressure of the liquid at the site). The excess
(positive) pressure drop should lead to an effect
opposite to that described for the deficit (negative)
pressure drop. Thus it would appear that bubbles
forming at a given nucleation site will tend to form in
rapid succession but once stopped a lull period
(corresponding to the duration of the excess pressure
drop) must lapse before bubble generation at the site
commences once more. This pressure differential cycle
has wider engineering applications, seeref. [ 14],such as
inthe theory of fluidized beds and leakage throughsieve
trays.

Figures 8-11 give some flow parameters for a bubble
translating on the plane according to equation (A1). In
these figures, 8, is taken over the range 0 < 8, < 2.
The values given are calculated on the bubble surface
p¥ = 1, for selected values of ¥, which are given in the
legends associated with these figures.

From Fig. 10, one can see that the pressure factor, f,,
and hence the pressure drop is minimum at the bubble
base, §, = w, and that the pressure drop is negative at
bubble base and top (6, = 0). Thus the fluid tends to
move towards the top and bottom of the bubble with a
larger tendency to move towards the bubble lower part.
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From Figs. 8 and 9 it can be seen that the flow pattern
over the bubble surface is a very complicated one
indeed.

The thrust coefficient, C;, has been calculated for
three values of m, viz.m = 1,2 and 5. The variation of C¢
with n’ for these cases is given in Fig. 11. From this it is
clear that there is a positive force (accelerating the
bubble in a direction away from the wall) acting on the
bubble due to the translation of the latter on the plane.
Thus it would be possible for a bubble to leave the
surface even under negative gravity if it translates on
the plane in a way that makes F, large enough to
counterbalance the restraining forces.

For a bubble growing in water (under atmospheric
conditions) according to the growth law expressed by
equation (A17) and taking the value of the parameter a

in equation (A18) as \/1?, see ref. [5], and J, (Jacobs
number) as 100, equation (AS5) gives a departure time of
nearly 30 ms for a growth index, n’, equal to 0.60.
Compared to the experimental results of Cole and
Shulman, ref. [16], the above value constitutes about
609, of the actual departure time. One must remember
that equation (A51) ignores factors such as drag,
deviation from the assumed spherical shape and effect
of other bubbles. However, the above value emphasizes
theimportance of F, in any serious attempt to calculate
the departure time.

Figures 14 and 15 compare theoretical results based
on the theory presented here and the experimental
values of the horizontal velocity component, g, given in
refs.[1]and [11]. The agreement between the predicted
and the experimental values is reasonably good except
near departure time (t/ty nearly equal to 1). In this
region the shape of the bubble no longer conforms to
the spherical shape. This and ‘bubble-necking’ partially
account for the discrepancies in the abscissae of Figs. 14
and 15. The reason that the theoretical model is able to
predict the negative velocity during the ‘necking period’
is that the height of the bubble centreis taken somewhat
larger than the radius of the bubble which in turn is
taken as that of a bubble of spherical shape having the
same volume as the bubble in question. So the
theoretical model computes values of g, as if the bubble
is a small distance above the solid plane. However, it
must be emphasized that the theoretical model is
unable to predict the actual liquid behaviour
satisfactorily during the ‘necking period’.

4. CONCLUSIONS

From the foregoing discussion one may briefly
conclude that:

(a) The presence of the solid plane allows a bubble to
grow with a pressure excess which is about 7.5 less
than that for a bubble growing in an infinite fluid under
saturated boiling conditions.

(b) Thetotalkineticenergy imparted to the liquid by
a non-translating bubble growing on the solid is about
4.6 times that of a particle having the same mass as the
fiquid displaced by the bubble and moving with a
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velocity equal to the bubble growth rate. The total
kinetic energy imparted to the liquid by a bubble
growing on the solid is about 53%; higher than that
imparted to theliquid by a bubble growing in an infinite
liquid. These values are important in all analysis using
an energy balance.

(c) The flow pattern around the bubble surface may
lead to arrest of bubble growth in subcooled boiling.

(d) The pressure distribution around the bubble
produces a net force which tends to keep the non-
translating bubble attached to the surface for n’ > 0.23
and accelerate it in a direction away from the surface for
n’ < 0.23. This means that under conditions of strong
subcooling a bubble will be able to depart from the
surface even under zero or non-buoyant gravity fields.

(e) After bubble departure from the surface, the
nucleation site is initially subjected to a negative
pressure difference followed by a positive pressure
difference which lasts for a period longer than that for
the negative pressure but decreases to zerorapidly. This
pressure effect extends over a distance about 1.5 times
the bubble instantaneous radius on the solid plane. The
negative pressure difference heips bubble growth while
the positive pressure drop retards bubble growth. This
mechanism might be partly responsible for the delay
observed between successive bubbles from a site.

(f) A bubble translating on the plane experiences a
repulsive force which tends to accelerateitin a direction
away from the solid plane. Thus a sliding bubble
growing on a solid plane can leave the plane even under
zero or negative gravity fields. On the other hand if the
sliding bubble starts collapsing the direction of this
force is reversed and the sliding velocity must become
zero before the bubble can depart.

(g) For non-translating bubbles, the pressure
difference at the top tends to flatten this part of the
bubble while for slower growing bubbles (n' = 0.4 to
0.45) the pressure distribution tends to produce a
mushroom shaped bubble.

(h) The bubble hydrodynamic influence is shown to
depend on both the bubble radius and rate of growth
and as such it varies with time. This also means that it
depends on the same factors that determine the bubble
size and its rate of growth, that is on the Jacob number
and the growth index n’. As dR/dt = n'R/t (from
R = br™), then the effect produced inside a given area
of influence varies directly with R and inversely with
time.

(i) Although the theoretical work presented com-
pares well with published experimental values, the
theoretical prediction of liquid flow near bubble
departure is not satisfactory. This is mainly due to
distortion of the bubble shape and necking (elongation
near the bubble base which makes the bubble shape
resemble that of a pear).
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APPENDIX

Flow-field due to non-spiralling motion of a spherical bubble

When the centre of mass of a bubble moves in a non-
spiralling path with a velocity V, then its motion can be written
in terms of a cylindrical frame of reference {r,, z), such as the
one shown in Fig. {, as

V= Ve +Ve, (AD)

¢, and e, are unit vectors in the direction of positive r and z
respectively. ¥, and ¥, are the components of V in the r and z
directions respectively.

Let the height of the bubble centre above the heating surface
be H and its angular position i, asshown in Fig. 1. By making
use of the following non-dimensionalized quantities.
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r* =r/R; z*=2z/R; V¥=V/R; V¥=V/R;
H* = H/R; ®*=®/RR; r*=r/R (A2)
and the recursive relations
1
=
== ¥ (A3)
3=0; ui=1

then the results of ref. [1] give for this case

So Sy

Y= zs3/2 DY Sa/z

|

1 e S5 s,
R szww]m’

where
So = (r* cos Y—rWrE+(z¥—~H\V¥
S, = 24132 2r%* cos Y+ (2 — HYY *3)
=(r* cos Y —rOVF+{z* —~H*+fH)V*
Sy = r*2 4 r¥2 - 2r%r% cos Y+ (z* — H* +f¥)? (A8
Sy = (r* cos Yy —rHV*—(z* + HYV?
Sy = r* 4 r*2 _2r*r¥ cos ¢+ (2% + H*)? (A7)
8y = (" cos Y —rOWVF—(* + H*— V3
8y = r*2 4 r¥2 _2r*r* cos -+ (X + H* —f¥)? (A%)
P i (A9)
Pr

Since the direction ¥ is constant, no spiralling motion, ¢,
has been taken as zero with no loss of generality. Here ®* is
being evaluated at the point Pr*,¢, z%).

In deriving equation (A4), the following boundary
conditions were used :

(a) Thecomponent of the velocity normal to the solid plane
vanishes at all points on this plane.

{b) The potential function is taken to be zero at points far
removed from the bubble.

{c) The normal component of the velocity, referred to a
fixed origin, at any point on the bubble surface is equal to the
sum of the fluid velocity induced by the bubble growth and the
component of the velocity vector describing the motion of
the bubbie centre resolved along the normal to the surface at
the point in question.

Initially the expression for the potential function describing
the flow field due to two spherical cavities in general motion
and satisfying boundary conditions (b) and (c) was derived
using a multiple singularity technique generally employed for
this class of problems and referred to as ‘multiple reflections’.
The case for the single bubble in the presence of the solid plane
was then treated as a special case since boundary condition (a)
is satisfied if the bubble is reflected in the solid plane. The
expression given by the third term on the RHS ofequation(A4)
is due to the bubble growth while that under the summation
sign ensures that the boundary conditions are met as the
bubble gets very close to the solid surface or touches it. As the
bubble moves away from the solid plane, the significance of
the terms under the summation sign in (A4) diminishes.
This is discussed in more detail in section (3) of this paper.

Figure 2 shows the variation of u* withnforthecase H* = 1,
i.e. bubble touching the plane. It can be seen that the infinite
series in equation (A4) converges very rapidly (n = 15). For
other values of H* > 1, the rate of convergence is greater.
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The time is now opportune to consider in some detail two
cases which are of considerable practical importance. These
are:

(a) Bubble moving in a direction normal to the solid plane,
ie. V¥ =0.

(b) Bubble moving as described by equation (Al) with
H* = 1, i.e. sliding along the solid plane.

Bubble moving with a velocity normal to the solid plane

For thiscase V¥ = 0and r¥ can also be taken as zero due to
the axisymmetric nature of the flow field (symmetrical about z-
axis).

Let the non-dimensionalized velocity components ¢ and
q¥ be defined as

q* = q/R
q: = qz/R

g, and g, being the components of q in the r and z directions.
Now by using equations (3) and (A4) one gets

(A10)

3
q:: =5r*V’;[BD_S/Z—AC_S/z]+6r*[D—3/2+C_3/2]

3 o
+5rVE Y u(BDT AT (ALY

n=1

1
q;k = E V::[r*Z_2A2]C—5/2_(r*z_zBZ)D—S/Z]

1 K
+e[BDTY2HACT4 SV Y

n=1
x [CT3%(r*2 —243)—(r*2~2B3)D™5*] (A1)

where
A=z*+H*, A =z*+H*—f* (A13)
B=z*—H*, B =z*—H*4f* (A14)
C=r4(z*+H¥?;, C,=r**+(*+H*—f%H (A19)
D=r*24(z*—H*?; D, =r*2+(*—H*+f¥%. (Al6)

In nucleate boiling the bubble radius is usually expressed in
the form

R=b" (A17)

where tis the time measured from instant of bubble formation,
n'is the growth index and b is a quantity which depends on the
thermodynamics of the boiling regime and is normally written
as

b=a/a J, (A18)

where a is a constant o, is the thermal diffusivity of the liquid
being boiled and the quantity J, is known as the Jacob’s
number, defined as

- L C(T—~T)

Ja
Pyhiy

(A19)
where C, and T are the specific heat and absolute temperature
of the liquid, 7, is the absolute superheat temperature of the
liquid at the system pressure and Ay, is the latent heat of
vapourization of the liquid.

When the bubble detaches itself from the heating surface
and starts its upward journey, the height H and the velocity ¥,
can be determined using expressions such as those suggested
by Best et al. [ 5], viz.

[e—C(t——td)] _- 1

H=R+V, (t—t)+ c

{A20)
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V,=[1—e 7, +V, (A21)

t,being the time from initiation, C is a constant which depends
on the fluid being boiled (450 s ™! for water) and V,,, is the
steady-state (terminal) velocity which can be computed using
expressions such as that suggested by Mendelson [9], viz.

Vo =| -2 4R |
z0 T RPL g

where o is the surface tension and g is the acceleration due to
gravity. Theterm V,inequation(A21)allowsfor thefact that at
t=tg, V,=V,.

To allow for the shear stress at the wall, let the corrected
velocities g¥ and g}, be defined as:

a% = aF +*4)
g% = qr + F*(4)

(A22)

(A23)

where 4 is defined as

A=1z/0 (A24)

and & is the hydrodynamic boundary-layer thickness. Best et
al. suggest a value for é given by

3 [ 2vy
where v is the kinematic viscosity of the liquid.
From ref. [1]
A =as(1-3° (A26)
a* = 3r*y* —H*_
0 i+ H*
- (fa—H*) er*
— "}::1 [r*z +(f: _H*)2]5/2 - [r*z +H*2]3/2 (A27)
F*(J) = B, M(1-2)° (A28)
g 26(7‘*1—21'1*2) . 3r*2_2H#2
By = (r*2+H*2)5/2 - z [r*2+H*2]7/2
3 & urHA—fHGr—2H* —f3)
THOE T PR E T (42
8* = 5/R. (A30)

The pressure, p, at a given point in the fluid can be obtained
by using the unsteady state form of Bernoulli’s equation, i.e.

p 1 , 0
St o= =F(
pL+21¢I| 5 ®

where F(t) is a function of time only. Since at oo, p = p, and
q =0, ® = 0 then

(A31)

F() = po

where p_, is the static pressure of the undisturbed fluid. Thus
(A31) reads

Ap p-p, 00 1

=2 =— ——|q? A32
o L 5 2 (A32)
Now
lal* = g7 +4? = R¥g}*+42?) (A33)
D oo*
i O*(RR+R?+RR e (A34)
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From the results of ref. [1], one gets:

’;l ~ QU[RR 4RI+ 5 R —qflaf + (2% atla?
5

+2D,(V*~—H*)]+ RRC,a*(a* V¥

errf 4, § g 1z, - D

YB, Y fPDu i1 ﬂ:_l]} (A35)
with

1 =
Av=3 T WSH0P - 240CT 4+ - 2B)D;*)
n=1

(A36)
1 o
Bo=3Vt ¥ BDTR-ACT  (AY)
n=1
o [ _
C,= Ve _W(C 24 p l/2) (A38)
1
D, = e(BD™ ¥~ AC"3)— 2 V2{(r* - 247)C ™"
1 o0
~(*1-2B9D7]- V2 Y b
n=1
x [(F*2—242)C~ 52 4 (+*2 - 2BY)D; *7] (A39)
JE = R0, — AVE- HYR/R]
. . . A40)
i = PO S (
= J5=0
VE— VR = on (A41)

The force, F,, due to the pressure distribution on the bubble
surface (assumed positive when acting in such a manner as to
accelerate the bubble in a direction away from the plane) is
given by

F, = j Ap cos § dS (A42)

the integral being taken over the bubble surface and dS is an
element of area. 6 is the angle shown in Fig. 1 with

dS = 2zR? sin 6 df

then

F, = nR? J Ap sin 26 d6. (A43)

0
For a bubble growing on the plane
H*=V*=1; f¥=4*=0

and equation (A35) reduces to

A 1.
L = 0°[R*+ RR]+ 5 RU[q2(22° — g+ a2 2r* — a?)].
PL

(A44)
For n’ constant with time equations (A17) and (A44) give

Ap

1
Jo= i = Ol =n]4 S lC gt

+2r*—ghgr] (A45)

where f; is a pressure factor.
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Also equation (A43) can be written in terms of a force factor,
Cs, as

F, = 2np, b4 ~2C, (A46)

L 2 Lo g
Co=7 | | @20 —nl+ 5 n%22" —ahat
[}

+(2r*—q,*)q,*J sin 20 6. (A47)

It should be noted that for the case n' = 1/2, the terms
containing ®* in equations {A45) and (A47) vanish.

For comparison purposes consider the case of a spherical
bubble growing in an infinite body of superheated liquid. The
motion is described by the Rayleigh equation (10) as

RE+32R2 = 2P,

(A48)
PL
After introduction of equation (A17), this leads to
n'(5n'—2)
fr=—r 2 (Ad9)

2

This reduces to zero for n” = 0.4 and for values of v’ < 0.4 f,,
and hence Ap, is negative. This result will be discussed further
later on in this paper.

If all the forces except F, and the buoyancy force, F,, are
considered to be small at the instant of bubble departure, then
a force balance gives

4 4
—Fy=3nR(p—p)g =F, =3nR%pg.  (ASO)
Introduction of (A46)into (A 50) gives the following expression
for the bubble departure time, ¢,

3b
ty = —2—gC

To calculate the total kinetic energy of the liquid, E, dueto the
bubble motion (which is also important in the theory of
cavitation, underwater explosions, etc) one notes that

E—-1 (Daq)dS
e—sz . on

1/(2 =)
f] ; Ci<Oforg>0. (AS1)

(A52)

where 0/0n denotes differentiation with respect to the outward
normal and the integral is being evaluated over the entire
liquid boundary S. However, since the liquid free surface is
assumed to be at infinity, ® = 0, and since the value 0®/0n is
zero over the solid surface, one needs to evaluate the integral in
(AS52) over the bubble surface only. Let a fluid velocity

component, q,, be defined as
4,/R = q¥ = g* sin 0+ cos 6 (A53)

where the notation of Fig. 1 has been used. If one defines a
dimensionless kinetic energy, E¥, as

2n
ZE,
E* = i = _.3_ (AS4)
¢ R .
L 5MLRZ

where M| is the mass of the liquid having the same volume as
the bubble, then equation (A52) may be written as

E¥Y=—n J ¢*q, sin 8 db. (ASS5)
o

The quantity 1/2M, R? is equal to the kinetic energy of a

particle, of mass equal to that of the fluid displaced by the

bubble, moving with a velocity equal to the bubble growth rate

R. If one writes for this equivalent particle

1
E,=- MR

3 (AS56)
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then (A54) gives

in
E. =—E!E,,.

> (A5T)

The integral in (AS55) has been evaluated for the case of a
bubble growing on a solid plane using an adaptive three-point
Gaussian quadrature. E¥ is found to be 9.65 for this case and
agrees closely with that given in refs. [3] and [15]. This gives

E, = 46E,, (A58)

which implies that the total kinetic energy of the liquid due to
the bubble growth is 4.6 times greater than that of the
equivalent particle.
For a bubble in an infinite fluid
q=RR?/p* - g} = 1/p**

® = —R2R/p; 1/p*= —¢*

So that on the bubble surface

Ee=nJ sin 0 df = 2=,

0
Hence from (AS57)

E, = 3E, (A59)

Thus the ratio of the total kinetic energy imparted to the liquid
by a bubble growing on a solid surface to that growing in an
infinite fluid is
(E,) solid surface
=1.533

(E,) infinite fluid (A60)

where in (A60), it is tacitly assumed that the two bubbles have
the same mass and rate of growth.

Bubble sliding along the solid plane

The motiondueto a bubble translating along the solid plane
is but a special case of the motion produced by a bubble
moving in accordance with equation (A1). For this case
equations (3) and (A4) give for the velocity components
(9%, 42, q3) the following expressions:

_ B[hV¥—BV}cosy] ALV} cos ¥ +h,V¥]
- 2537 - 253"

ehy | 1 1
I smtse

B(h,V¥—B,V} cos )
s32

ar

1 [+ o]
— *
v5 50

A A VFcosy+h V¥
_ l[ 1vr Slslz'// 1 ]} (AGI)
3
. ABVIR,—24VI)+hyV?
%= 28372
B(3V*h, +2BV¥)—h,V¥ B A
257 ‘st
+l i’: o A (3VHh,—24,VH+h, V¥
2,57 557
B,(3h,V*+2B,V¥)—h,V*
4 Bk '+S,5,§ D ] (A62)
1
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o= [[V,*(h3+r:h,)+3(3r:V¢+BVf)]
1=

257
[AAVE =32V + Vs +12h,)]
* 28557
IR
reelsE T

V¥hy+rih)+B,(3r¥Vi+B,V))
S115/2

=%

1 =
+§n§1‘l

AfAVE =3tV + Vi +hord)]

— sin
S%S/Z

(A63)

where

hy = 3(r* —r¥ cos )
h, =r* cos y—r¥
hy = r*2+r¥2—2r*r* cos ¥ (A64)

and the rest of the parameters are as before.

For the bubble translating on the plane the analysis in
ref. [1] gives the following expression for the pressure distri-
bution:

A 1
22 _ ox(R*+RR)— 7 Rella? +2r97 +a2(az —2r")
(49
+ ‘I:z —2M(V¥—r¥]+ KRR(o*— V¥ (A65)
where

1 1 1 o of 1 1
Koahlsp e )| 499
M= R BV¥+VXr¥S,+hh))+h BV
- 2577

VHrESs+hh)—h AV?
+ R

P2 VHES +hihy)+h B VY
—E Z Hn SIIS/Z

n=1

VHrESs+hhy)—h AV}
+
Sl35/2

1 1
+ 3eh, I:-ST?W + s—gﬁ] (A67)
and
V*
¥ = R’ . (A68)

Information regarding values of V* and a¥ is not available
at present. However, if one adopts a simple expression for ¥, in
the form:

V¥=m (A69)
then equation (A65) reduces to:
A 1
2P _ g R2 £ RR) - - 2 —2r%)g?
P 2

+q2(g?—22%)+g}*). (AT0)
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If (pg, 8, ¥o) denote spherical coordinates of a point in the  Using the transformations

liquid with reference to the centre of the bubble as origin then

on the surface of the bubble > =z5+1
p§ =po/R=1 r* = (rE 4182+ 2r¥r¥ cos yo)'?
. (A71) *2 *2 __ %2
r§ = sin 8, w=arccos(r +r¢"—r§9)
2r*r¥

where (2§, r, ¥ o) arecylindrical with origin at centre of bubble.  one gets

The restraining force, F,,, is given by F, = pu(bt™ ~1Y*C,
2z £ 2n n
F, = R:J f Ap sin 64 cos 04 df, dyo. (AT2) C= J Ap sin 0, cos 8, df, dis,.
Y0=04J60=0 $0=0J60=0

SUR LE CHAMP D’ECOULEMENT GENERE PAR LA CROISSANCE D’'UNE SPHERE AU
VOISINAGE D'UN PLAN SOLIDE, AVEC APPLICATION A L’EBULLITION NUCLEEE

Résumé — On décrit une solution analytique exacte de 'écoulement potentiel produit par une cavité sphérique
croissant au contact ou proche d’un plan solide. Les paramétres du champ d’écoulement sont donnés sous
forme adimensionnelle et leurs caractéristiques sont examinées. La théorie est appliquée au cas d’une bulle
idéaleen ébullition nucléée. Des expressions sont obtenues pour le départ dela bulle, la distribution de pression
autour dela bulle et sur le plan solide, 'effet de la translation dela bulle lelong du plan solide sur les paramétres
d’écoulement et ’énergie cinétique totale donnée au liquide. Le concept d’une ‘aire d’influence’ en ébullition
nucléée est revu. On montre que ni cette aire ni I'effet hydrodynamique 4 son intérieur di au mouvement de la
bulle ne demeurent constants pendant la croissance de la bulle. Quand cela est possible on compare les
résultats avec les données expérimentales.

EIN MONTE-CARLO VERFAHREN FUR GERADLINIGE BERANDUNGEN MIT
KONVEKTION

Zusammenfassung —Mit Hilfe der Losungfiir die Temperatur am Scheitelpunkt eines Kreissektors wurde eine

Monte-Carlo-Methode fiir die zweidimensionale stationire Wirmeleitung an geraden Begrenzungen

entwickelt. Die Losung durch Reihenentwicklung, welche die Temperaturverteilung entlang des Kreisbogens

und den konvektiven Wirmeaustausch entlang der beiden geraden Seiten beschreibt, wird mit der Losung

durch finite Differenzen verglichen, um die Zahl der fiir eine bestimmte Genauigkeit benétigten Reihenglieder
festzustellen.

O TOJIE TEYEHUSA, BbI3BAHHOI'O PACTYIIENA C®EPOY1 V TBEPJO MOBEPXHOCTH,
B MPUMEHEHHUH K ITY3BIPBKOBOMY KUITEHUIO

Aunotauus—OnucepIBaeTCd TOYHOE AHAJIMTHYECKOE PEIUEHME IJIA MOTEHUMANbHOTO TEYEHHA, BbI3BAH-
HOTO CEpHYECKOi MONOCTHIO, PACTyLIeH B KOHTaKTe WM BOIN3M TBepAoit noeepxHocTH. B Gespasmep-
Holt popMme npedcTaBieHbl MapaMeTpbl noas TedeHus. HMccneayroTcs MX xapakTepucTHkH. Teopus
NpUMEHUMA K CIly4aro HIEaJIM3NPOBAHHOTO IMy3bIPbKa, 3aPOXAAIOMIETOC NPH NY3bIPLKOBOM KHIICHHH.
MMonyyensl yciaoBMe OTPHIBA My3bIpbKa, paclpeleiicHHE NABJEHHS BOKPYT Ny3bIPbKA M Ha TBEpAOiH
NOBEPXHOCTH; HCCJIENOBAHO BAMAHHE NEpeMElleHNs Ny3bIPbKa BOJIb TBEPAOH NMOBEPXHOCTH HA Mapa-
METpbl TeYeHus M TOJHYK KHHETHMECKYIO JHEPruio, fepellaBacMylo KMAKOCTH. PaccmarpuBaercs
NOHATHE ‘30HBI BIMSHUN MPH Ny3bIpbKOBOM KuneHuu. [TokasaHo, 4TO HM 3Ta 30HA, HH THAPOAMHAMM-
veckiit >¢dexT BHYTPH Hee, BbI3BAHHBIH JIBMKEHUEM IY3bIPbKA, HE OCTAIOTCA HEMIMEHHBLIMH B NpoLEcce
pocta. [ojydeHHble pe3ynbTaThl CPABHUBAKOTCA C HMEIOIHMHUCS IKCNEPHMEHTAILHBIMH JAHHBIMH.

(AT3)

(A74)

(A75)



